Рассматриваются некоторые классы преобразований двух неза висимых броуновских движений. Приводится новое ортогональное разложение некоторых броуновских фильтраций.
1.
Introduction. Motivated by the Kyle-Back model of «insider trad ings Follmer, Wu, and Yor [8] , [19] investigate some mathematical problems which appear in this context. We will give a brief outline of [19] : Wu and Yor consider certain classes of linear transformations of two independent Brow nian motions and study their canonical decompositions. More precisely, let (B t )t^o and (B t ) t^0 be two independent Brownian motions defined on a com plete probability space (fi,^",P). Consider semimartingales of the form
dX t = dB t + Y t dt,
where Y is linear in В and B, and investigate when X is again a Brownian motion relative to its own filtration. Firstly, they consider the special case where / and g are two continuous functions satisfying some integral condi tions, and obtain the following characterization: X t is a Brownian motion if and only if f(t) = ±y/v -u 2 /t and g(t) = -u/t for some и e [0, 1] . This study is an extension, to the case of two independent Brownian motions, of some results about noncanonical representations of Brownian motion of [6] (for f(t) ЕЕ 0 and g(t) = -l/t) and [11] (for f(t) = 0 and g(t) = -v/t). Secondly, the authors consider the case, where Y depends linearly on X and B, and characterize Brownian motions which are solutions of stochastic differential equation of the form (1) Faculte des Sciences Semlalia, Departement de Mathematiques, Universite Cadi Ayyad, BP 2390, Marrakech, Maroc; e-mail: ouknine@ucam.uc.ma, erraoui@ucam.uc.ma with Х 0 = 0. In addition, they construct another Brownian motion in the natural filtration of В and i?, which is independent of X. Using the transfor mation T(B) T 
:= B T -JQU~1B U (IU,
which leaves invariant the Wiener mea sure, they get two sequences of Brownian motions which are independent of each other. This enables them to deduce a new orthogonal decomposition of Brownian filtrations. Now we give two general observations. First in or der to characterize Brownian motions of the form (1) the approach used is based on the resolution of linear stochastic differential equation. This kind of equations comes from the theory of enlargement of filtrations (see [10] , [11] , [20] , and [21] ). Next, the orthogonal decomposition of the Brownian filtra tion is in fact related to the problem of constructions of noncanonical rep resentations of Brownian motions which was first introduced by Levy [17] and later developed by Hida [16] and Cramer [5] . This problem, which was studied extensively within the framework of stochastic filtering, belongs to the theory of impoverishment of filtrations. Recently, Hibino, Hitsuda, and Muraoka [14] obtained a unified expression of the Levy examples by the use of an integral operator K S associated with a singular Volterra kernel and gave a general method to obtain a noncanonical representation of Brownian motion. This approach has its own interest in connection with a generalized Hardy inequality. We notice also that the transformation T is closely related to the Hardy transform (see [20] ). It is therefore interesting to explore the same questions as that in [19] from this point of view.
The paper is organized as follows. In Section 2, in order to prepare our analysis, we introduce the definition of the Volterra operator jRT g and its adjoint K* % and provide some additional properties which will be useful in the rest of the paper. In Section 3, as in [19] we construct, with the help of the operator (/ -AX*), two independent Brownian motions X and Y in the natural filtration of В and В having a noncanonical Volterra representation (i.e., ^Х' У) С j^B' B) ). In Section 4, by using the method of iteration we get two new sequences of Brownian motions which are independent of each other that enables us to construct a new orthogonal decomposition of the filtration generated by X and Y. 
Generalized
The adjoint of H, which we denote by Я, is given by
Jt s
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It is well known that the operator К = H or H satisfies Hardy's L 2 inequal ity:
.., iV, be a linearly independent system. We define the operator if g on £ 2 ([0,1]) by
Jo where
Here g r stands for the transpose of g and G(t) is the Grammian matrix of g and its inverse matrix. Here we note that G~~l (t) exists, since g^s are linearly independent.
It is well known (see [14] ) that if g is a bounded operator and satisfies
and
where LS {#i,... 
On the other hand, the adjoint operator if* for if g is given by
and satisfies
The above inequality follows from the fact that ||if*a|| We will give some properties of the operators if g and if*. 
Now, we look to some functions g for which (/ -К'*) take a simple form. Especially, in the case of g(t) = t a , a > 0, we have
Inequality (9) implies that \\K*\\ < 2. So for |A| < \ the operator (/ -XK*) is invertible and its inverse can be expressed as follows:
It is not difficult to show that, for ф,
{(i -\к;)ф, (i -\к;)ср) = ((I -(i -\)к;)ф, (/ -(I -A)K», which implies that
\\(I-\K;)(I-(l-\)K;y
l a\\ = \\al (11) for any A G and a G L 2 ([0,1]). In other words, the operator (/ - \Kl){I -(1 -A)^)- 1 is an isometric operator in L 2 ([0,1]).
A class of transformations of two Brownian motions. Let
(f2, «^",P) be a complete probability space and (B t ) 0^i a standardJBrownian motion with respect to its canonical filtration (^f)o^t^i-Let (Bt)o^t^i be another standard Brownian motion on the same probability space which is independent of (-Bt )o<t<i-Deheuvels [6] has shown that if д is a measurable function such that / yju\g(u)\du <+oo, for all t < 1, (12) Jo
then the process (X t )o^i defined by X t = B t + JQ g{u)B u du is a Brownian motion if and only if g(t) = 0 or g(t) = -l/t.
In this case the process X t takes the form
If we consider the transformation T defined by T(B) t -B t -
$lu~lB u du (0 < £ < 1), then we see that Г transforms the original Brownian motion into the new one. That is, T leaves the Wiener measure invariant. We notice also that this transformation is closely related to the Hardy transform (2) . A complete study of this transformation can be found in [11] .
Recently, Wu and Yor [19] generalized this result to the case of two Brownian motions by considering the process X given by
where / and g are continuous and satisfy (12) . They obtained that X t is a Brownian motion if and only if /(£) = ±y/v -v 2 jt and g(t) = -for some v G [0,1]. In this case the process X t takes the form
We note that the study of these processes has some applications in the context of financial equilibrium model (see [8] ). Taking into account Remark 1, it seems interesting for us to study some similar questions to the above one by using the operator (I -if*). Recall that this approach was used initially to construct some noncanonical representations of Brownian motion and then to evaluate the loss of the quantity of information for these representations. Before we continue our discussion, we note that the Gaussian structure facilitates the proofs of our results. On the other hand, it enables us to show that some properties may be deduced easily from a simple computation of the covariance function. Before stating the principal result of this section, denote
where A G R and 0 < t ^ 1. R e m a г к 2. It follows from (11) that, for A G ]~, 1], the process
is a Brownian motion with respect to its own filtration and
In other words, the representation (14) of B x is noncanonical with respect to B. 
(e) For any A € [0,1], the process
are Brownian motions.
Proof. All processes are Gaussian, therefore in order to show (a)-(e) it is enough to prove that the covariances on both sides are equal.
The proof of (a) and (b) can be found in [13] . is given by We conclude then that for any given t the variables Xf and Xf are inde pendent. But the processes X ± and X ± are not independent; hence we look for other Brownian motions which might be independent of X. This is given in the following proposition. where the last equality follows from (10). Moreover, F,(X+Y S + ) = F,(X+Y t~*~) = 0, for all s ^ t, and the same for X~ and Y~ which com plete the proof. Now, we discuss some questions about the natural filtrations of X ± , Y ± , B, and B. It is well known (see [5] ) that if ядх ± ) = я,(5)еядв), te(o,i), then the expansion (15) is the canonical representation or Cramer represen tation of the process X ± . A necessary and sufficient condition is given in the following lemma.
Lemma 1. Representation (15) is canonical if and only if the family
For a more general version of this result the reader can consult Lemma 3.1 in [5] . It seems natural to us to extend the result of Proposition 2 to the n-dimensional case in the following way. Let {B t = (J?/,..., B?), t ^ 0} be an n-dimensional Brownian motion and let a = (a^,... ,a n ) be such that XlILi a? = 1-Then the process
Proposition 2. (i) For any
H t (B,B) = H t (X-,Y-)®LS j jT g(s)d(VXB
X t = B t -a T a j K; I [0|t ,(u) <ffi"
is an n-dimensional Brownian motion which satisfies
H t (B) = #t(X) ®LS {Х>/ ^}'
This result can be seen as an extension of Theorem 2.2 in [19] and a particular case of [15] .
4. An orthogonal decomposition of Brownian filtrations. We start by pointing out an orthogonal decomposition of the Brownian filtra tion due to Hibino, Hitsuda, and Muraoka [14] . Let (B t ) t^0 be a standard Brownian motion and define the process
Bf := [\l-K;)I M (u)dB u . (17) Jo
In [14] it has been shown that the canonical filtration (<^t B ) of (B t ) t^o can be decomposed into the direct sum of two independents a-algebras:
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for all t ^ 0, where the сг-algebra Sf t is given by Sf t := a(Bf; 5 ^ t). Using the Gaussian structure of (B t ) t^0 we can see that (18) 
and get an orthogonal decomposition of &f and H t (B) as follows: (20) In term of filtrations, this is due to the fact that &f 8 decreases as N -» oo to the trivial cr-field. On the other hand, we conclude that for fixed t ^ 0, the sequence (f* g(u) dB£> s ) N^0 is not strongly L 2 -convergent, but converges weakly to 0 in L 2 . For more details on the subject the reader can con sult [11] , [12] , and [19] Moreover, they satisfy the following stochastic differential equation:
We point out that these processes as well as their filtrations were well studied by Wu and Yor in [19] . Iterating this procedure, since T transforms two independent Brownian motions into two ones, Wu and Yor define two sequences of stochastic processes X ±,n+1
and Y*' 71 * 1 which are independent of each other. This allows them to get a new orthogonal decomposition of Brownian filtrations.
It is well known that if (B t ) t^0 is a Brownian motion, then the pro cess (Bf) T^Q defined in (17) is a Brownian motion and its natural filtration (^f')t^o is strictly smaller than (^f)t^o-On the other hand, since (B t ) t^o and (B t ) t^0 are independent, the processes (Bf ) t^0 and (Bf ) t^0 are also in dependent. Using the same argument as in Theorem 1 and Proposition 1 we know that the processes We know that the cr-algebras generated by B s and B g are strictly smaller than those generated by В and B, respectively. Furthermore, for all s ^ t, we have E(X?>* j\(u)dX^=0, which implies that the variable f* g(u)dX^ is independent of <^* ±jS . So, wehave^**' 
Jo B pi )g= f\l-Kl)l m {u)d^.
As a consequence of the above representations we have the following propo sition. 
e LS I jTV -tf*) n g(e) d(v^B S + VT=~XB 5 ) I.
Remark 6. Since (f* g(u) dX*' n,g ) n^i is an orthonormal system in L 2 (P), we conclude that for fixed t ^ 0, the sequence (J 0 * g(tx) dX^, n,g ) n^i is not strongly L 2 -convergent, but converges weakly to 0 in L 2 .
A second construction of orthogonal decompositions of Brownian filtrations.
In this section we will present other processes, lead ing to the same conclusion as that of the preceding section. Let (B t ) and let (B t ) be two independent Brownian motions and A € ]|, 1]. It is well known (see, for example, [13] ) that if (B t ) t^0 is a Brownian motion, then the process (B£) defined in (14) is a Brownian motion and its natural filtration ( ) is strictly smaller than (<^f)-On the other hand, since (B t ) t^0 and (B t ) t^o are independent, the processes (B^) t^0 and (Bf) t^0 are also independent. Using the same argument as in Theorem 1 and Proposition 1 we deduce that the processes 
